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Introduction
In this note we study some quantum extensions of classical Markovian semigroups related to the Azema martingales with parameter ,0 (,Q fl 0, ,~ fl -1) (see [1] , ~5~, [6] ). The formal infinitesimal generator given by (~of )(~) _ (~x) Z (f (cx)f (x) - ' on bounded smooth functions f can be written formally as follows (see [9] ) = Gmf + + where m f denotes the multiplication operator by f , the operator G is the infinitesimal generator of a strongly continuous contraction semigroup on (see Section 2) and L is related to G by the formal condition G + G* + L*L = 0. The associated minimal quantum dynamical semigroup, can be easily constructed, for example as in [2] , [3] , [4] , [8] . We show that this semigroup is conservative if 03B2 03B2* and it is not if /? > ~3* where (3* is the unique solution of the equation
Therefore it is a natural conjecture that the minimal quantum dynamical semigroup is a ultraweakly continuous extension to 8(h) of the Azema martingale semigroup when {3 ,Q*. However we can not prove this fact because the characterisation of the classical infinitesimal generator is not known. The above quantum dynamical semigroup is not such an extension when ,0 > ~Q* because the corresponding classical Markovian semigroup is identity preserving.
We were not able to study the critical case {3 = ~i* although it seems reasonable
Notation and preliminary results
Let 03B2 be a fixed real number with 03B2 ~ -1, 03B2 ~ 0 and let c = ,Q+1. Let 
hus the restriction of ,C to Do coincides with the restriction to Do of the infinitesimal generator of an Azema-Emery martingale with parameter a (see [5] ).
The domain Do, however, may be too small for the operators G and G*. In fact it can be shown that Do is a core for G if and only if 03B2 > -1/2 and is a core for G* if and only if ~i ~ 1/2. The domains of G and G* however can be described as the range of the resolvent operators R(l; G) = (1 -G)-1 and R(l; G*) = (1 -G*)-1. Having found a Lindblad form for the infinitesimal generator of the classical process we investigate whether the corresponding minimal quantum dynamical semigroup (abbreviated to m.q.d.s. in the sequel) on 8(h) is identity preserving i.e. conservative. Recall that the m.q.d.s. T is the ultraweakly continuous semigroup on B(h) defined as follows (see [2] , [3] , [4] , [8] ). We recall the necessary and sufficient condition for the m.q.d.s. to be conservative obtained in [2] . Let 6 :
--~ be the normal and monotone map defined by Theorem 2.5. Let G*, M and S be the above defined operators. The following conditions are equivalent: i) the semigroup T is conservative, the sequence (C~n(I))n>1 converges strongly to 0, . iii) the equation ,C(X) = X has no nonzero positive solution in B (h). We refer to [7] Th. 3.3, Prop. 3.5, 3.6 for the proof. The technical condition (B) used there can always be assumed without loss of generality as shown in [3] Lemma 2.4.
The case j~ ~3*
We shall check the condition of Theorem 2.5. As a first step we establish a useful formula. 
By the change of variables = y, the right-hand side can be written in the form0 e-tdt y dy|u(y)|2(03B2y)-2(q(t,y))-2+1/03B2 f(cyq(t,y)) -/' y))-2+1/03B2 f(cyq(t,y)). 
This proves the Lemma. 0 We can now prove the first part of Theorem 2.4. For every open subset E of R we denote by R) (resp. C6 (E; R)) the vector space of real-valued continuous (resp. bounded continuous) functions on E with continuous (resp. bounded continuous) derivatives of the first k orders. his shows that f must be non-negative everywhere. D Proposition 4.9. Let f be an element (0, f 0}; (0, satisfying the differential equation (4 JO). Then f satisnes also the identity (4.2) for all v, u E D(G*). , Proof. Suppose, for example, /3 > 0. Let us consider two vectors in the domain of G* represented in the form R(l; G*)v, R(l; G*)u with v, u E h. For all r E (0,1) denote by Ir the set (-r-1, -r) U (r, r-1). The scalar product (R(1; G*)v, fR(1 G*)uc an be written as
Ir
Integrating by parts the third integral, we can write the above sum of the second and third term in the form where vo and uo are defined as in Proposition 2.1. It is easy to see as in the proof of Proposition 2.2 that all the above limits vanish. Then the proof can be completed using the identity R(l; G*) -I = G* R(I; G*). D Thus we have proved the condition iii ) of Theorem 2.5 is not fulfilled.
Proposition 4.10. The m.q.d.s. T is not conservative if 03B2 > ,0*. 5. Applying the sufficient condition of [3] In this section we will show that the m.q.d.s. T is conservative -3/2 by checking a sufficient condition obtained in [3] . We transform first the form ~C defined in Section 2 shifting the spectrum operator G* by -1 /2 and considering the i) for all u E D(G*) the following inequality holds -2~ ~G*~~ C 1u~ ~ bIIuiI2~ (5.1) ii ) for all f, > 0 and all u in a dense subset of h contained in the domain of we have Then the m.q.d.s. T is conservative.
We refer to [3] Th. 4.2 for the proof and check the conditions i), ii). 
